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• Flow around an inclined circular disk from 0◦ to 60◦ studied using DNS.
• The flow gradually changes from chaotic to the regular state as the inclined angle increases.
• The transition from periodic state to non-periodic state is delayed by the increased incidence angle.
• A low-frequency modulation is observed at the inclined angles of 45◦ and 50◦.
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a b s t r a c t

The three-dimensional flow past an inclined circular disk is investigated using direct
numerical simulations. Various incidence angles of the disk with respect to the inflow
are considered from 0◦ to 60◦, where 0◦ refers to the condition in which the flow is
perpendicular to the disk. The aspect ratio (diameter/thickness) of the disk is considered to
be 50. The Reynolds number based on the inflow velocity and the diameter of the disk is up
to 500. The drag and lift coefficients, pressure coefficients, and three-dimensional vortical
structures are analyzed using time-dependent and time-averaged techniques. Detailed
comparisons between the results of the disk at different incidence angles are presented.
The flow pattern gradually changes from chaotic to a periodic state as the incidence angle
increases from 0◦ to 60◦. At incidence angles of 45◦ and 50◦, an evident low-frequency
modulation existswhose period is approximately ten times greater than the primary vortex
shedding period. For the inclined disks, thewake flow is tilted to the trailing edge side of the
disk rather than parallel to the streamwise direction. The distance between two successive
vortical rings is observed to decrease as the incidence angle increases. The streamwise
length of the mean recirculation bubble decreases as the incidence angle increases.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The flow around bluff bodies has been extensively investigated due to its importance in engineering applications and
fluid mechanics. It is well established that even a simple shape of the bluff body would result in a very complicated wake
flow at moderate and high Reynolds numbers. Therefore, some basic geometries, such as two-dimensional cylinders with
various cross-sectional shapes, spheres and disks, are often selected to represent typical bluff bodies.

The flow around a circular disk is an old topic that traces back to the experimental observations by Marshall and Stanton
(1931). Subsequently, many experimental studies (see e.g. Berger et al., 1990; Fernandes et al., 2007; Kuo and Baldwin,
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1967; Roberts, 1973; Roos andWillmarth, 1971;Willmarth et al., 1964; Zhong and Lee, 2012) and numerical simulations (see
e.g. Auguste et al., 2010; Chrust et al., 2010; Fabre et al., 2008; Meliga et al., 2009; Michael, 1966; Natarajan and Acrivos,
1993; Rimon, 1969; Rivet et al., 1988; Shenoy and Kleinstreuer, 2008, 2010; Yang et al., 2014a, b, d, 2015) on this issue have
been conducted. Chrust et al. (2010) reported an exhaustive parametric study of the transition scenario in the wake of the
flow normal to a circular disk. It was reported that the flow characteristics are dominated by the Reynolds number (Re) and
the aspect ratio of the disk, which is defined as χ = D/td, where D and td are the diameter and the thickness of the disk,
respectively. In the considered parameter range of Re < 500 and χ > 1, seven transition stages from a steady symmetric
flow to a chaotic flow over the circular disk were revealed. Similar studies on the instability and bifurcation of the flow over
the disk of a specific aspect ratio can be found in Fabre et al. (2008), Fernandes et al. (2007), Meliga et al. (2009), Natarajan
and Acrivos (1993), Shenoy and Kleinstreuer (2008) and Yang et al. (2014d). For the turbulent wake flow behind the disk
at a high Reynolds number, a low-frequency instability unsteadiness was discovered by Berger et al. (1990) and Yang et al.
(2015). The coherent structures in the wake of the flow normal to a circular disk were investigated by Roberts (1973), Yang
et al. (2014a) and Zhong et al. (2014).

If we focus on the flow configurations, most of the previous studies were focused on the configuration of the flow normal
to a fixed circular disk. Notably, however, the incidence angle may also affect the characteristics of the flow behind the
circular disk. In fact, the case of the flow past an inclined disk is more common in engineering applications than the flow
normal to a disk. However, compared with the normal flow condition, investigations on the flow past an inclined circular
disk are quite scarce. The exceptions are the studies conducted by Calvert (1967), Chrust et al. (2015) and Humphries and
Vincent (1976). Before we continue the introduction, the incidence angle is denoted as α and is defined as the angle between
the flow direction and the axis of the disk, i.e., the angle of zero refers to the normal flow condition. Calvert (1967) conducted
an experimental measurement using an open-return wind tunnel for the flow past a disk at incidence angles up to 50◦. The
Reynolds number was in the range between 3.5 × 104 and 5 × 104. The results of the wake flow visualizations, the drag,
the base pressure, the vortex shedding frequency and the velocity profile were presented. Humphries and Vincent (1976)
performed a wind tunnel test for the flow past an inclined disk at 2 × 103 < Re < 4 × 104. The base pressure and the
bubble shape were measured for incidence angles up to 50◦. Recently, Chrust et al. (2015) conducted both experimental
and numerical studies for the flow around an inclined circular disk of χ = 6 and χ = ∞ at Reynolds numbers up to 250. The
incidence anglewas in the range of 0◦ ⩽ α ⩽ 60◦. The thresholds of theHopf bifurcation and the vortex shedding frequencies
were obtained both numerically and experimentally. A relatively poor agreement in the vortex shedding frequencies was
observed when comparing the numerical and experimental results. This discrepancy was attributed to the influence of the
support system of the disk in the experiments.

It is obvious that the characteristics of the flow past an inclined circular disk have not yet beenwell recognized. Therefore,
in this paper, the flow around an inclined disk at incidence angles from 0◦ to 60◦are investigated using direct numerical
simulations. The disk aspect ratio considered in this study is χ = 50, which can be reasonably regarded as representative
of a ‘‘thin’’ disk (Chrust et al., 2010). The majority of the simulations are conducted at a fixed Reynolds number of 500. The
choice of this Reynolds number is based on the consideration that the flow normal to a circular disk at this Reynolds number
is already chaotic. It was also reported by Chrust et al. (2015) that the chaotic state was observed for inclined angles of
10◦ and 20◦starting from Re = 250. Another reason is that a further increase in the Reynolds number would require more
computational resources, which may exceed the resources that we possess. The effects of Reynolds number on the wake
transition are also evaluated with the cases of different Reynolds numbers below 500.

The remainder of the paper is organized as follows. Themathematical formulation and numerical methods are presented
in Section 2. The computational overview, convergence and validation studies are presented in Section 3. The results and
discussion are provided in Section 4. Finally, the concluding remarks are given in Section 5.

2. Mathematical formulation and numerical methods

2.1. Mathematical formulation

The governing equations for the unsteady incompressible flow past an inclined circular disk are the conservation
equations for mass and momentum, namely the continuity and Navier–Stokes (N–S) equations. The equations are written
in the Cartesian coordinate system (x, y, z). If these coordinates are referred to as (x1, x2, x3) and the velocity component in
the xi-direction is denoted as ui, where i = 1–3, then the continuity and N–S equations can be expressed as

∂ui

∂xi
= 0 (1)

∂ui

∂t
+ uj

∂ui

∂xj
= −

1
ρ

∂p
∂xi

+ ν
∂2ui

∂xj∂xj
(2)

where j = 1–3, t is the time, p is the pressure, ν is the kinematic viscosity of the fluid, and ρ is the density of the fluid. To
present the results clearly, the velocity (u1, u2, u3) is also represented as (ux, uy, uz).
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Fig. 1. A schematic view of the cylindrical computational domain, boundary conditions and coordinate system.

2.2. Numerical methods

TheN–S equations described in Section 2.1 are discretized using the finite volumemethod (FVM) based on the open source
computational fluid dynamics (CFD) code OpenFOAM . OpenFOAM is primarily applied for solving problems in continuum
mechanics. It is constructed based on the tensorial approach and object-oriented techniques (Weller et al., 1998). The PISO
(pressure implicit with splitting of operators) scheme (pisoFoam) is used in the present study. The FVM discretization of each
term is formulated by integrating the term over a control volume V using Gauss’s theorem. Volume and surface integrals are
then linearized using appropriate schemes. The integrated convection terms are linearized as follows:∫

V
∇ • (ρUφ)dV =

∑
f

Fφf . (3)

The face field φf is evaluated using the central differencing scheme:

φf = fxφP + (1 − fx)φN (4)

where fx ≡ fN/PN where fN is the distance between f and cell center N and PN is the distance between cell centers P and N .
The schemes of gradient, Laplacian and divergence are also linear. In case of non-orthogonal meshes, an additional

correction is introduced for the Laplacian term by interpolating cell center gradients.
The second-order Crank–Nicholson (CN) scheme is used for the time integration. The CN scheme is a combination of the

forward Euler method at n and the backward Euler method at n + 1:

un+1
j − un

j

∆t
=

C
2

[
(un+1

j+1 − 2un+1
j + un+1

j−1 ) + (un
j+1 − 2un

j + un
j−1)

∆x2

]
+ O(∆t2, ∆x2) (5)

where C is the constant coefficient that determines the magnitude of the ‘‘diffusion’’. As the fully implicit scheme, the CN
scheme is unconditionally stable. A detailed introduction of these schemes are given in OpenFOAM (2009). The present
numerical approach has been successfully used for simulating the incompressible flow normal to a plate (Tian et al., 2014)
and a circular disk (Tian et al., 2016, 2017; Yang et al., 2014c).

3. Computational overview, convergence and validation studies

3.1. Computational overview

As shown in Fig. 1, the cylindrical computational domain is used for the flow around an inclined circular disk. A Cartesian
coordinate system (x, y, z) is used in the present study, and the origin of the coordinates is located at the center of the disk.
Here, x and y represent the horizontal and vertical cross-stream directions, respectively, and z represents the streamwise
direction. The inlet boundary is located 15D upstream of the center of the disk, and the outlet boundary is located 30D
downstream of the center of the disk. The diameter of the cross-section of the computational domain is 30D, providing a
blockage ratio of approximately 0.001. Comparedwith similar numerical simulations for the flow around a circular disk (see
e.g. Chrust et al., 2015; Shenoy and Kleinstreuer, 2008; Yang et al., 2015), the computational domain size in this study
is relatively larger; therefore, the effects of the boundaries on the computational results are considered to be negligible.
The incidence angle of the disk is defined as the angle of rotation around the x-axis. In this study, nine incidence angles of
α = 0◦, 15◦, 30◦, 35◦, 40◦, 45◦, 50◦, 55◦ and 60◦ are considered. The Reynolds number is defined as Re = U∞D/ν.
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Fig. 2. Grid of the mesh used for the case α = 30◦: (a) overall view of the grid structures in the plane x/D = 0, (b) magnified view of (a), (c) magnified view
of (b), and (d) grids on the disk surface.

At the inlet boundary, a uniform flow, ux = uy = 0 and uz = U∞, is prescribed, and the zero normal gradient boundary
condition is set for the pressure p. At the outlet boundary, the velocity is specified as a zero normal gradient boundary
condition, and the pressure is set to zero. On the surface of the disk, the velocity is set as zero representing a no-slip and
impermeable boundary condition; the pressure p is set as a zero normal gradient. On the free stream boundary, the free-slip
and zero normal gradient pressure boundary conditions are applied.

As an example, Fig. 2 shows the grid used for the disk at α = 30◦. The entire computational domain was discretized with
hexahedral elements, and the grids in the vicinity of the disk were refined to resolve the steeper gradient at that location.
In the wake region, the grids are also refined to accurately capture the wake flow structures. Because the grid used in this
study is very dense, the grids for the entire computational domain shown in Fig. 2(a) are not sufficiently clear. Therefore,
magnified views of the grids near the disk are shown in Fig. 2(b) and (c). The grids on the disk surface are shown in Fig. 2(d).
For the cases at other incidence angles, the meshes are created in a similar manner.

The drag and lift force coefficients of the disk are respectively defined as

CD =
8Fz

ρU2
∞

πD2 (6)

CL =
8Fy

ρU2
∞

πD2 (7)

where Fy and Fz are the vertical and streamwise force components acting on the disk, respectively.
The so-called Q -criterion proposed by Hunt et al. (1988) is used to identify the three-dimensional vortical structures.

The definition of Q is written as

Q = −
1
2
(∥S∥2

− ∥Ω∥
2), (8)

where S and Ω denote the strain and the rotation tensor, respectively.
In this study, the symbol ⟨⟩ represents the time-averaged value of the quantity. For instance, ⟨CD⟩ refers to the

time-averaged value of the drag coefficient.

3.2. Convergence and validation studies

Studies for evaluating the effects of the grid and time step on the calculated results are performed for the disk at α = 0◦.
The details of three typical cases with different grids and time steps as well as the calculated results are presented in Table 1,
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Table 1
Validation of the results of α = 0◦ with different grid resolutions and time steps and comparison of the calculated results with experimental data. Here,
EXP-1 and EXP-2 represent the experiments by Roos and Willmarth (1971) at Re = (1−7)×104 and Berger et al. (1990) at Re = 2.1×105 , respectively.

Mesh Nt Ns ∆tU∞/D n1/D ⟨CD⟩ CDrms ⟨Lw⟩/D

Coarse 2,129,088 4,800 0.004 0.004 1.097 0.035 2.59
Medium 4,473,728 10,800 0.003 0.0035 1.099 0.034 2.71
Fine 7,185,672 19,200 0.002 0.003 1.102 0.033 2.66
EXP-1 – – – – 1.15–1.28 – –
EXP-2 – – – – – – 2.5

Fig. 3. Distributions of the mean (a) streamwise velocity ⟨uz⟩ and pressure coefficient ⟨Cp⟩ along the centerline of the disk of α = 0◦ for the cases with
different meshes.

where Nt is the number of total cells, Ns is the number of cell on the disk surface, ∆t is the time step and n1 is the size of the
minimal cells near the disk surface. CDrms is the root-mean-square value of the drag coefficient. Themean recirculation length
⟨Lw⟩ is defined as the streamwise distance from the center of the disk to the end of the mean recirculation bubble, as also
indicated in Fig. 3(a). The numerical simulations were conducted on the high-performance computer system ‘‘π ’’ located
in Shanghai Jiao Tong University in China. The parallel computing technique is adopted and each computational domain is
divided into 48 subdomains for parallel processing. The computing time for one time step is about 2.02 s, 6.66 s and 12.91 s,
respectively, for the coarse, medium and fine meshes listed in Table 1. As shown in Table 1, very small differences exist in
the results of ⟨CD⟩, CDrms and ⟨Lw⟩ obtained from the cases with different grids and time steps. Moreover, the results of ⟨CD⟩

and ⟨Lw⟩ show favorable agreement with the experimental results by Roos and Willmarth (1971) at Re = (1−7) × 104

and Berger et al. (1990) at Re = 2.1 × 105, respectively.
Fig. 3 shows the distributions of the time-averaged streamwise velocity component ⟨uz⟩ and the pressure coefficient ⟨Cp⟩

along the centerline of the disk. The pressure coefficient Cp is defined as

Cp =
p − p∞

1
2ρU

2
∞

(9)

where the reference pressure p∞ is taken as the pressure at the center of the inlet boundary. As the grid number increases,
a reasonable convergence is observed in the results of ⟨uz⟩ and ⟨Cp⟩. Fig. 4 shows the radial distributions of the time- and



Please cite this article in press as: Tian, X., et al., Direct numerical simulations on the flow past an inclined circular disk. Journal of Fluids and Structures
(2017), http://dx.doi.org/10.1016/j.jfluidstructs.2017.04.002.

6 X. Tian et al. / Journal of Fluids and Structures ( ) –

Fig. 4. Distributions of the time- and azimuth-averaged streamwise velocity ⟨uz⟩a in the radial direction of the disk of α = 0◦ at (a) z/D = 1, (b) z/D = 3
and (c) z/D = 5.

Fig. 5. Results of the time-averaged contours of uz in the plane of x/D = 0 for the disk at α = 30◦ . The present numerical results identified with solid lines
are compared against the experimental results of Calvert (1967) identified with dotted lines.

azimuth-averaged streamwise velocity ⟨uz⟩a based on different grid resolutions and time steps at the positions of z/D = 1,
3 and 5. The results again indicate a good convergence for the spatial and temporal resolutions. To simulate the flow with a
better accuracy, the fine mesh with 7,185,672 cells and a time step of 0.002D/U∞ were adopted in the simulations for the
remaining incidence angles.

Fig. 5 shows the results of the time-averaged streamwise velocity component (⟨uz⟩) in the plane of x/D = 0 for the case
of α = 30◦ obtained in the present numerical simulations and the experiment by Calvert (1967). The ⟨uz⟩ contours of the
numerical and experimental results are indicated with solid and dotted lines, respectively. The values in the vicinity of the
lines represent the values of the contour levels. For clarity, the experimental values are shown in brackets. It is observed
that the numerical results are in good agreement with the experimental results. It is concluded that the present numerical
approach is able to simulate the flow around circular disks.

4. Results and discussion

In this section, the results from the numerical simulations for the disk at incidence angles from α = 0◦ to 60◦ are
presented. The instantaneous results are first presented in Section 4.1, and then the time-averaged results are presented
in Section 4.2. A discussion on the Reynolds number effect is provided in Section 4.3.
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Fig. 6. Time-dependent variations of the drag and lift coefficients for the disk at incidence angles of α = (a) 0◦ , (b) 15◦ , (c) 30◦ , (d) 35◦ , (e) 40◦ , (f) 45◦ , (g)
50◦ , (h) 55◦and (i) 60◦ .

4.1. Instantaneous results

Fig. 6 shows the time-dependent variations of the drag and lift coefficients for the disk at incidence angles from α = 0◦

to 60◦. As shown, for the disks at α ⩽ 30◦, the time traces of CD and CL are disordered. As the incidence angle increases
beyond 35◦, the time traces of CD and CL start to exhibit some periodic characteristics. For the cases at α = 45◦ and 50◦,
a low-frequency modulation is clearly observed in the time traces of CD and CL. The period of the low-frequency modulation
is approximately ten times greater than the primary period. For the cases at α ⩾ 55◦, the time traces of CD and CL appear
to be harmonic, indicting a periodic vortex shedding pattern. It can be roughly summarized that there are four types of
flow patterns, namely, the chaotic pattern (α ⩽ 30◦), the quasi-periodic pattern (α = 35◦ and 40◦), the periodic pattern
associated with a low-frequency modulation (α = 45◦ and 50◦) and the periodic pattern (α = 55◦ and 60◦). For the cases
at α < 50◦, the mean value of CD is larger than that of CL, whereas for the cases at α > 50◦, the mean value of CD is smaller
than that of CL.

The time traces of CD and CL at different incidence angles are presented using the phase-space plot and then compared
in Fig. 7. The thick straight line in Fig. 7 close to the trajectories indicates the direction normal to the disk. Fig. 7 shows that
the flow gradually changes from the chaotic pattern to the periodic pattern as the incidence angle increases. The clear loops
of the CD–CL plot for the disk at α = 55◦ and 60◦ confirm that the flow is exactly periodic and that the simulations have
reached a stable state. Notably, the fluctuations in the force acting on the disks in the regular flow pattern (i.e., α = 55◦ and
60◦) are significantly smaller than those in the remaining cases (α ⩽ 50◦).
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Fig. 7. Phase-space plot of the drag and lift coefficients for the disk at different incidence angles. The thick straight line close to the trajectories indicates
the direction normal to the disk.

Fig. 8 shows the spectra of CD and CL for the disks at different incidence angles from α = 0◦ to 60◦. The nine subplots in
Fig. 8 successively correspond to the subplots in Fig. 6. The frequency is non-dimensionalized using U∞ and D and written
as f ∗

= fU∞/D, where f is the frequency. Disregarding the peak at f ∗
= 0 due to the zero-order moment of the force

coefficients, the peak frequencies in the spectra of CD and CL are labeled with f ∗

i , where i = 1, 2, 3, . . .. It is observed that
primary peak frequency shifts as the incidence angle of the disk increases. For the disk at small incidence angles (α ⩽ 30◦),
the primary peak frequency f ∗

1 at a very small value is associated with the low-frequency unsteadiness of the recirculation
bubbles (Yang et al., 2015). For the cases of α ⩾ 35◦, the spectrum of CD starts to give way to that of CL to determine the
peak frequencies. For the disks at α ⩽ 30◦, the primary peak frequency is the peak frequency at the lowest value, i.e., f ∗

1 .
For the disk at α = 35◦, the primary peak frequency is shifted to f ∗

2 = 0.21, which is distinctly different from that observed
in the cases of α ⩽ 30◦. This difference is associated with the phenomenon that the flow begins to show some periodic
characteristics as the incidence angle increases. The primary peak frequency at a very small value of f ∗

1 observed in the cases
of α ⩽ 30◦ is inherited by the case of α = 35◦. As the incidence angle further increases, the periodic feature becomes more
evident. It is interesting to observe frequency doubling in the cases of α = 40◦ and 45◦. For the case of α = 45◦, the first
two peak frequencies at f ∗

1 = 0.03 and f ∗

2 = 0.295 correspond to the low-frequency modulation and the primary vortex
shedding frequency, respectively. The peak frequencies in the spectra of the case of α = 50◦ are similar to those observed in
the case ofα = 45◦. However, a frequency bandwidening at the primary vortex frequency is observed in the case ofα = 50◦,
as shown in Fig. 8(g). In both cases of α = 45◦ and 50◦, the frequency at f ∗

1 , corresponding to the low-frequencymodulation,
is approximately one tenth of the primary vortex shedding frequency. For the cases at α ⩾ 55◦, the narrow banded spectra
of CD and CL again confirm the highly periodic vortex shedding pattern.

Fig. 9 shows the time-dependent variations of the pressure coefficient along the line of y/D = 0, z/D = 1 for the disks
at incidence angles from 0◦ to 60◦. Fig. 9 clearly shows that the large fluctuations of Cp mainly distribute in the region of
−1 < x/D < 1. For the disks at low incidence angles, i.e., α ⩽ 35◦, the contour of Cp shows irregular features and Cp oscillates
in the cross-stream direction (x-direction). However, for the disks at high incidence angles, i.e., α ⩾ 40◦, Cp exhibits periodic
features. The contour of Cp atα ⩾ 40◦ is symmetrical about the central plane of the disk, i.e., the plane of x/D = 0, indicating a
plane symmetric flow at these inclinations. As observed in the time-traces of CD and CL in Fig. 6, the low-frequency oscillation
in the wake of the disk at α = 45◦ and 50◦ is again observed in the Cp contour. It can be concluded that as the incidence
angle of the disk increases, the flow changes from the irregular state to the periodic and planar symmetric state. The plane of
symmetry is perpendicular to the rotation axis of the disk and is located at the center of the disk, i.e., the plane of x/D = 0.

Fig. 10 shows the instantaneous vortical structures for the disks at different incidence angles. The vortical structures are
identified using the iso-surfaces of Q . The dashed line in Fig. 10 indicates the direction of z-axis. At α = 0◦, the vortex
shedding pattern is disordered and the vortex shedding direction is randomly determined. Yang et al. (2015) reported that
there is a modulation in the rotation of the azimuthal vortex shedding location at a very low frequency. When the disk is
inclined, the vortex shedding direction turns to the trailing edge side. As the incidence angle increases, the vortical structure
gradually changes from the disordered vortex to regular vortex loops. The orientation of the vortex loops are determined by
the inclination of the disk. At large incidence angles, hairpin-like vortices are clearly observed in the near wake of the disk.
According to the experimental observations reported by Calvert (1967), the vortex loops shed from the trailing edge of the
disk. The vortex loops are not planar or continuous; each one is linked to the next behind by two filaments from the leading
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Fig. 8. Spectra of the drag and lift coefficients for the disk at incidence angles of α = (a) 0◦ , (b) 15◦ , (c) 30◦ , (d) 35◦ , (e) 40◦ , (f) 45◦ , (g) 50◦ , (h) 55◦and (i)
60◦ .

edge side. Comparing the vortical structures of the disks at different incidence angles, it appears that the distance between
two successive vortices decreases as the incidence angle increases. It is noteworthy that the wake flow of the inclined disk
is tilted to the trailing edge side of the disk rather than parallel with the streamwise direction.

4.2. Time-averaged results

In this section, the time-averaged results are presented, including the force coefficients, streamlines and pressure
distributions. For the periodic cases at α = 55◦ and 60◦, the statistics are calculated accurately using several whole
periods. For the non-periodic cases, the statistical time used in this study is at least 100 non-dimensional time units which
corresponds to at least 20 primary vortex shedding cycles, as shown in Fig. 6. It has been checked carefully that the differences
between the force coefficients based on the full statistical time and the halved statistical time are within 1% for all the
considered incidence angles. Therefore, the statistical time used in this study is long enough to give reliable results.

Table 2 shows the values of the coefficients of the force acting on the disk and the mean recirculation length. As shown
in Eqs. (6) and (7), the drag force coefficient CD and the lift coefficient CL are defined with respect to the area of the disk.
However, this may not always be reasonable. Therefore, based on the projected area of the disk in the streamwise and
vertical directions, the drag and lift force coefficients are recalculated and denoted as C ′

D and C ′

L, respectively, as shown in
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Fig. 9. Time-dependent variations of the pressure coefficient along the line of y/D = 0, z/D = 1 for the disks at different incidence angles.

Table 2
Results of the force coefficients and mean recirculation length for the disks
at different incidence angles.

α ⟨CD⟩ ⟨CL⟩ ⟨C ′

D⟩ ⟨C ′

L⟩ ⟨Lw⟩/D

0◦ 1.102 0.000 1.102 – 2.66
15◦ 1.067 0.269 1.105 1.038 2.35
30◦ 0.933 0.501 1.077 1.001 1.79
35◦ 0.893 0.575 1.090 1.003 1.46
40◦ 0.869 0.666 1.134 1.035 1.12
45◦ 0.771 0.688 1.090 0.973 1.06
50◦ 0.678 0.700 1.055 0.914 0.95
55◦ 0.586 0.701 1.021 0.856 0.87
60◦ 0.478 0.650 0.956 0.750 0.85

Table 2. Specifically, C ′

D = CD/cosα and C ′

L = CL/sinα. ⟨Lw⟩ represents the time-averaged recirculation length of the wake
behind the disk. The definition of ⟨Lw⟩ for the inclined disk is given as the streamwise length from the center of the disk to
the end of the recirculation bubble.
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Fig. 10. Instantaneous iso-surface of Q for the disks at different incidence angles. The dashed line indicates the direction of z-axis.

Fig. 11 shows the time-averaged streamlines in the plane of x/D = 0 for the disks at different incidence angles. As shown,
as the incidence angle increases, the streamwise length of the recirculation bubble decreases. As α increases, the stagnation
point on the front side is displaced toward the leading edge, which is similar to the experimental observations by Calvert
(1967). For the cases at α ⩽ 40, there are two recirculation zones behind the disk, i.e., a larger one at the leading edge side
and a smaller one at the trailing edge side. For the cases at α ⩾ 45, there is only one recirculation circle remaining behind



Please cite this article in press as: Tian, X., et al., Direct numerical simulations on the flow past an inclined circular disk. Journal of Fluids and Structures
(2017), http://dx.doi.org/10.1016/j.jfluidstructs.2017.04.002.

12 X. Tian et al. / Journal of Fluids and Structures ( ) –

Fig. 11. Time-averaged streamlines in the plane of x/D = 0 for the disks at different incidence angles.

the disk. As shown in Fig. 11, the streamlines in the region beyond the recirculation bubble are tilted to the trailing edge
side, indicating that the far wake flow is tilted to the trailing edge side; see also Fig. 10.

The time-averaged streamlines on the front and rear surfaces of the disk are shown in Figs. 12 and 13, respectively.
Because the velocity components on the disk surface are zero, the streamlines are plotted on the plane with an offset of
0.001D away from the disk surface. The top and bottom edges of the disk in the figures refer to the leading and trailing
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(a) α = 0◦ . (b) α = 15◦ . (c) α = 30◦ .

(d) α = 35◦ . (e) α = 40◦ . (f) α = 45◦ .

(g) α = 50◦ . (h) α = 55◦ . (i) α = 60◦ .

Fig. 12. Time-averaged streamlines on the front surface of the disk.

edges, respectively. As shown in Fig. 12, the time-averaged stagnation point on the front surface moves to the leading edge
as the incidence angle increases. However, the time-averaged stagnation point on the rear surfacemoves to the trailing edge
as the incidence angle increases, as shown in Fig. 13. Notably, the stagnation point on the rear surface of the disk of α = 0◦

does not locate at the center of the disk as expected. This result is because the vortex shedding direction of the flow normal
to the disk is determined randomly, and it varies at a very low frequency (Yang et al., 2015). Therefore, it is not easy to
obtain an exactly azimuth symmetric mean flow field in the wake region based on the numerical simulations of the duration
of 200D/U∞. Notably, for all of the inclined disks, the flow direction on themajority of the area of the rear surface of the disk
is toward the leading edge.

The variations of the time-averaged drag and lift coefficients (⟨CD⟩ and ⟨CL⟩) and the recalculated coefficients (⟨C ′

D⟩ and
⟨C ′

L⟩) with respect to the incidence angle α are presented in Fig. 14. As shown in Fig. 14(a), ⟨CD⟩ gradually decreases from
1.102 to 0.478 as α increases from 0◦ to 60◦. However, ⟨CL⟩ first increases and then decreases as α increases from 0◦ to 60◦.
The maximal value of CL occurs between α = 50◦ and 55◦. Note that in the region of α ⩽ 40◦, the relationship between
⟨CL⟩ and α is approximately linear, i.e., ⟨CL⟩ ≈ 0.95πα/180◦. As shown in Fig. 14(b), the maximal value of ⟨C ′

D⟩ is found at
α = 40◦. As α increases from 0◦ to 40◦, ⟨C ′

D⟩ first decreases and then increases. The local minimal value of ⟨C ′

D⟩ is observed
at α = 30◦. In the region of α ⩾ 40◦, ⟨C ′

D⟩ monotonically decreases as α increases. Notably, the trend of the line of ⟨C ′

L⟩ with
respect to α is very similar to that of ⟨C ′

D⟩.
Fig. 15 shows the distributions of the time-averaged pressure coefficient on the front and rear surfaces of the disk at

different incidence angles. The results of ⟨Cp⟩ were plotted along the centerline of the disk on the plane of x/D = 0. The
distance to the leading edge is denoted as l, as shown in the sketch presented in Fig. 15. As α increases, on the front surface
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(a) α = 0◦ . (b) α = 15◦ . (c) α = 30◦ .

(d) α = 35◦ . (e) α = 40◦ . (f) α = 45◦ .

(g) α = 50◦ . (h) α = 55◦ . (i) α = 60◦ .

Fig. 13. Time-averaged streamlines on the rear surface of the disk.

of the disk, the pressure on the leading edge side increases while the pressure on the trailing edge side decreases. It is also
observed that the stagnation point of the front surface, corresponding to the maximal value of ⟨Cp⟩, moves from the center
of the disk (l/D = 0.5) to the leading edge. On the rear surface of the disk, a constant mean pressure distribution is observed
in the region of 0.2 < l/D < 0.8, approximately. The uniform pressure distribution on the rear surface observed here is
similar to phenomena observed in the base region of the flow around other bluff bodies; see the numerical investigations
for the flow normal to a flat plate (Tian et al., 2014) and the flow past an inclined flat plate (Yang et al., 2012).

4.3. Effects of Reynolds number

It is noteworthy that the problem of the flow around an inclined circular disk is actually controlled by two parameters,
i.e., the Reynolds number and the incidence angle, disregarding the influences of the aspect ratio of the disk. If we define
an effective Reynolds number (Ree) based on the projected disk width (D cosα) in the streamwise direction rather than the
disk diameter (D), the effective Reynolds number decreases as the incidence angle increases. On the other words, as the
incidence angle increases, the effective Reynolds number decreases, the flow gradually changes from chaotic to regular. It
may be confused that what is the pure effect of incidence angle on this problem.

To better answer this question, three additional cases at Re = 389, 311 and 233 (corresponding to Ree = 250, 200
and 150, respectively), are conducted for the disk of α = 50◦. It is not surprising that, for this specific incidence angle of
α = 50◦, the flow changes gradually from periodic pattern with a low-frequency modulation to the pure periodic pattern,
and eventually reaches a steady state as the Reynolds number decreases, see Fig. 16. However, if we compare the results of
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Fig. 14. Results of the time-averaged drag and lift coefficients for the disks at different incidence angles.

Fig. 15. Results of the time-averaged pressure coefficient along the centerline of the front and rear surfaces of the disks at different incidence angles.



Please cite this article in press as: Tian, X., et al., Direct numerical simulations on the flow past an inclined circular disk. Journal of Fluids and Structures
(2017), http://dx.doi.org/10.1016/j.jfluidstructs.2017.04.002.

16 X. Tian et al. / Journal of Fluids and Structures ( ) –

Fig. 16. Time-dependent variations of the drag and lift force coefficients for the disk of α = 50◦ at different Reynolds numbers.

the two cases at the same effective Reynolds but at different incidence angles, e.g., the cases of (α, Re, Ree) = (50◦, 389, 250)
and (60◦, 500, 250) in Fig. 16(b) and Fig. 6(i) respectively, it appears that the transition from periodic state to non-periodic
state is delayed by the increased incidence angle.

5. Concluding remarks

The incompressible flow past an inclined circular disk is investigated using direct numerical simulations. The aspect
ratio of the disk is 50. The Reynolds number based on the diameter of the disk is up to 500. Incidence angles of α =

0◦, 15◦, 30◦, 35◦, 40◦, 45◦, 50◦, 55◦ and 60◦ are considered in the simulations. The instantaneous results and the time-
averaged results are presented in this paper. Based on the comparisons between the results of the disks at different incidence
angles and Reynolds numbers, the main conclusions are drawn as follows:

• As the incidence angle increases from 0◦ to 60◦, the flow gradually changes from chaotic to the regular state. It is
summarized that there are four types of flow patterns, namely, the chaotic pattern (α ⩽ 30◦), the quasi-periodic
pattern (α = 35◦ and 40◦), the periodic pattern associated with low frequency variation (α = 45◦ and 50◦) and the
periodic pattern(α = 55◦ and 60◦).

• At incidence angles of α = 45◦ and 50◦, the period of the low-frequency modulation is approximately ten times
greater than the primary vortex shedding period.

• At the Reynolds number of 500, the flow is planar symmetric about the center plane of the disk when the incidence
angle is greater than 35◦. The distance between two successive vortical rings decreases as the incidence angle
increases.

• For the inclined disks, the wake flow is tilted to the trailing edge side of the disk rather than parallel to the streamwise
direction.

• In the region of α ⩽ 40◦, ⟨CL⟩ and α follow an approximately linear relationship, i.e., ⟨CL⟩ ≈ 0.95πα/180◦.
• The streamwise length of the recirculation bubble decreases as the incidence angle increases.
• The transition from periodic state to non-periodic state is delayed by the increased incidence angle.

Overall, it is concluded that the incidence angle of the disk with respect to the inflow has a significant effect on the
dynamics of the flow. Note that the problem is determined by both incidence angle and Reynolds number, the complete
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picture of the effects of the two parameters is considerably more complicated than the cases investigated in this study and
worth of further investigation.
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