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a b s t r a c t

An experimental investigation on deterministic freak waves is presented here. Four similar freak wave
sequences with different wave steepness values were used as the target waves in the experiments. A
phase–amplitude iteration method was adopted to generate these deterministic freak wave sequences in
the wave flume. The results demonstrate that the phase iteration considerably improves the modeling in
the first optimization and becomes less effective for subsequent optimizations. The method is more likely
to achieve well-matching results for small steepness target waves through phase iterations. Wave speeds
and wave energy distributions of analyzed freak waves were also investigated. Reasonable estimates of
wave speeds were achieved by adopting trough-to-trough periods and wave heights of freak waves
according to third-order Stokes wave theory. The quadratic phase couplings between the first-harmonic
component and higher-harmonic components were significant.

& 2016 Published by Elsevier Ltd.
1. Introduction

Freak waves are a frequent and serious hazard around the
world and are believed to be the major culprits behind a large
proportion of the destruction of offshore structures and ships
(Bertotti and Cavaleri, 2008; Kharif and Pelinovsky, 2003; Kharif
et al., 2009; Lemire, 2005). These waves are normally regarded as
“the monsters of the deep” and appear surprisingly as “walls of
water” and disappear without a trace. One such example, the New
Year Wave, recorded at the Draupner platform, located in the
North Sea on January 1st, 1995 (Haver and Anderson, 2000), is a
well-known representative freak wave registration. Currently,
there is no unified definition of freak waves, but one widely
accepted definition regards a freak wave to be a wave of height
exceeding at least twice the significant wave height (Kharif et al.,
2009). Though the observations and registrations of freak waves
are not rare (Kjeldsen, 2004), their physical mechanisms are still
under discussion (Dysthe et al., 2008). Generating the recorded
freak wave sequence in the laboratory is of great significance in
achieving a better understanding of the wave formation
mechanisms and studying the interactions between freak waves
and structures.

The most common approach to generating freak waves is based
on the dispersive focusing model (Dysthe et al., 2008; Li and Liu,
1.
2015), which was first used to produce short groups of large waves
at a specific position in a wave tank (Longuet-Higgins, 1974). On
the basis of this model, Tromans et al. (1991) and Cassidy (1999)
developed the NewWave theory and the constrained NewWave
theory, respectively. Kriebel and Alsina (2000) introduced an
efficient method by embedding a transient wave into a random
wave. Numerous works have been conducted using the above-
mentioned methods (see e.g. Bennett et al. (2013), Cui et al. (2012),
Ning et al. (2009), Westphalen et al. (2012)). For the sake of gen-
erating tailored design wave sequences in extreme seas, Clauss
(2002) proposed a novel phase optimization scheme with
Sequential Quadratic Programming (SQP) and an improved Sim-
plex method. In addition, modulational instability has been widely
studied as well (Sulisz and Paprota, 2011; Toffoli et al., 2010).
Modulational instability is believed to be responsible for the high
probability of freak wave occurrence (Onorato et al., 2006;
Onorato et al., 2001; Zakharov et al., 2006). In recent years, there
have been some experimental investigations of Peregrine breather
solution to demonstrate the effects of modulational instability in
the formation of freak waves (e.g., Chabchoub et al., 2011; Deng
et al., 2015; Onorato et al., 2013). However, freak waves generated
using the Peregrine breather model are of single frequency of
carrier wave, which does not accord with real sea conditions.

It is worth noting that generating deterministic wave sequen-
ces is of great significance, not only for investigating wave
dynamics but also for studying the hydrodynamics of offshore
structures. For this purpose, Liang et al. (2011) regenerated a single
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Fig. 2. Comparison of the selected target wave and the New Year Wave of
scale 1:100.
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extreme wave in the numerical wave tank with the wavemaker
signals determined by performing Fourier series expansion on the
target wave train and calculating wavemaker amplitudes and
phases corresponding to each wave component with a corre-
spondent hydrodynamic transfer function. Chaplin (1996) pro-
posed a phase iteration method to improve the phase distributions
of the modeled waves. Schmittner et al. (2009) further developed
this approach and presented a phase–amplitude iteration scheme
for correcting shifts in time and location. The phase–amplitude
iteration approach is intuitive and seems to be promising in gen-
erating deterministic wave sequences with various wave para-
meters. However, research regarding the optimization process and
application scope of the phase–amplitude iteration method are
lacking.

In this paper, the phase–amplitude iterations were applied in
the experimental implementation of freak waves with different
steepness values. The optimization process of freak wave genera-
tions is presented here. The wave speeds were measured experi-
mentally and compared with the 3rd-order Stokes wave theory
predictions. Moreover, the energy distributions of freak waves
were analyzed with both Fast Fourier Transform (FFT) and Wavelet
Transform (WT) methods.
2. Experimental set-up

A physical experiment was conducted in the wave flume of the
State Key Laboratory of Ocean Engineering (SKLOE) in Shanghai
Jiao Tong University. The wave flume is 20.0 m long and 1.0 m
wide, with a standard water depth of 0.9 m. A flap-type wave-
maker is equipped to generate various types of waves and an
absorption wave beach stands at the downstream end of the flume
to eliminate wave reflection. Fig. 1 shows the sketch of the test set-
up. The focal point was set 7.0 m away from the wavemaker
position. To measure the wave evolution, three wave gauges were
arranged along the centerline of the flume, i.e., 6 m, 7 m, and 8 m
away from the wavemaker, respectively. The sampling frequency
was set as 100 Hz and the sampling data length was no less than
60 s in the experiment. The wave gauges of resistance type were
employed with a measuring error of less than 1.0 mm.
3. Wave parameters and optimization procedure

A freak wave sequence designed with the embedding model
(Kriebel and Alsina, 2000) was selected as the original target wave.
This target wave was derived from a JONSWAP spectrum
(Hasselmann et al., 1973) with a significant wave height
Hs¼0.11 m, peak period Tp¼1.7 s and peak enhancement
factorγ¼2.0. As the wave spectral energy of the frequency above
20 rad/s is negligible, the truncation frequency is 20 rad/s in this
study. There was a total of 10.6% wave spectral energy coming into
the transient wave part and the remaining wave energy was for
the random wave part. The resultant maximum wave height, Hmax,
is 0.2577 m and the corresponding crest height, ζc, is 0.18 m,
resulting in Hmax/Hs¼2.34 and ζc /Hs¼1.64. The parameters of the
target wave are close to that of the New Year Wave at a 1:100 scale
Fig. 1. Sketch of the experimental set-up.
(Fig. 2). To investigate the effects of wave steepness on the opti-
mization implementation and the wave kinematics, wave eleva-
tion values of the above target wave were artificially adjusted to
40%, 60%, 80% and 100% of the original values, named Case A, Case
B, Case C and Case D, respectively.

According to Longuet-Higgins (1952), the deterministic wave
sequences at the target location xc were divided into the combi-
nation of a series of regular waves as follows:

η tð Þ ¼
Xn ¼ N

n ¼ 1

An cos ωntþθn
� � ð1Þ

where An, ωn, and θn are the amplitude, frequency, and phase shift
of the nth wave component, respectively. The equivalent form of
the above equation is

η tð Þ ¼
Xn ¼ N

n ¼ 1

ðAn cos θn cos ωnt�An sin θn sin ωntÞ

¼
Xn ¼ N

n ¼ 1

ðbn cos ωntþcn sin ωntÞ ð2Þ

in which

bn ¼ An cos θn

cn ¼ �An sin θn

(
ð3Þ

An ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2nþc2n

q
ð4Þ

To derive bn and cn, the Fourier series expansion was applied:

bn ¼
2
T
R T
0 ηðtÞ cosωntdt ¼

2
N

XM
i ¼ 1

ηðtiÞ cosωnti

cn ¼
2
T
R T
0 ηðtÞ sinωntdt ¼

2
N

XM
i ¼ 1

ηðtiÞ sinωnti

n¼ 0;1;2;⋯;N; c0 ¼ 0

8>>>>><
>>>>>:

ð5Þ
where ωn¼n2π/(MΔt), M is the number of discrete points in the
time series and the wave component number N must be theore-
tically equal to M/2.

After bn and cn are obtained, the amplitude and phase dis-
tributions of the deterministic wave sequence can be easily
determined according to Eqs. (3) and (4). By substituting εn�knxc
(kn, is the wave number) for θn, we obtained

η xc; tð Þ ¼
Xn ¼ N

n ¼ 1

An cos knxc�ωnt�εnð Þ ð6Þ

By transforming backwards from the target location, the wave
elevation at the paddle x¼x0 can be obtained as

η x0; tð Þ ¼
Xn ¼ N

n ¼ 1

An cos knx0�ωnt�εnð Þ ð7Þ

To implement the generation of a deterministic wave sequence
in a wave flume, it is vital to determine the exact wavemaker
displacement by which the water motion at the wavemaker
boundary should be consistent with the initial conditions given by
Eq. (7). In this study, the initial wavemaker signal was determined
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as

SðtÞ ¼ �
Xn ¼ N

n ¼ 1

An

Tðωn; lÞ
sin knx0�ωnt�εnð Þ ð8Þ

where Tðω; lÞ is the transfer function between the stroke of flap
motion and the wave height based on the linear solution to the
wavemaker boundary-value problem (Dean and Dalrymple, 1991),
and l is the immersed depth of the wavemaker. To avoid large
unstable disturbances, a sine fade-in for the first 5 s is applied.

It is a common consensus that wave propagation is not a linear
process and that phase difference is inevitable for each wave
component. To improve the accuracy of a focused wave sequence,
a phase–amplitude iteration (Schmittner et al., 2009) was applied.
In this study, the updated phases and amplitudes of the wave-
maker signal were determined from the comparison of the mea-
sured wave spectra (including amplitude spectrum and phase
spectrum) at target locations with target wave spectra:

φiþ1 ¼φiþðφT �φM
i Þ ð9Þ

aiþ1 ¼ ai U
aT

aMi

 !
ð10Þ

where φi and φiþ1 are the phases of the previous signal and the
new signal, φT and φM

i are the phases of the target wave spectrum
and the measured wave spectrum, respectively, a is the distribu-
tion of the amplitude spectrum, and the subscripts denote the
same meanings as those of φ. Intuitively, each iteration is like a
process of “returning the overcharge and demanding payment of
the shortage”. Though the high-order wave components were
considered as free wave components in each iteration, the
advantage of the iteration scheme is the inherent inclusion of
nonlinear wave effects (Schmittner et al., 2009) because each
iteration is based on the differences between target and measured
waves and the measured wave includes the nonlinear effects in
the previous run.

Considering the high frequency components with small
amplitudes, the measured amplitudes, aMi , could be near zero,
leading to large aT=aMi values. If the amplitude iteration is directly
applied, it may result in a sharp shift of the wavemaker signal. To
avoid resultant unstable wave propagations, phase correction is
preferentially adopted in this study.
Fig. 4. The optimization process of Case B: (a) the initial measurement and (b) the
measurement after four phase iterations.
4. Deterministic wave optimization in the wave flume

In this section, the target waves of Cases A, B, C and D are opti-
mized using the phase–amplitude iteration method. Fig. 3 presents
Fig. 3. The optimization process of Case A: (a) the initial measurement and (b) the
measurement after one phase iteration.
the optimization process for Case A, in which the wave steepness is
the smallest among the four target waves. It is shown that an obvious
difference exists between the experimental results of the initial
wavemaker signal and the target wave. After one phase iteration, the
agreement between the resultant measured wave elevations and the
target wave were improved significantly. The initial and optimized
experimental results for Case B and Case C are shown in Figs. 4 and 5,
respectively. Well-matching results were obtained within four suc-
cessive phase iterations. It is noted that during the wave propaga-
tions of Cases A, B and C, no obvious breaking phenomena were
observed. Analysis indicates that the phase iteration approach is
more effective for weak-nonlinear waves.

For Case D, the corresponding wave steepness is the largest
among these four cases. It is shown in Fig. 6(a) that the measured
wave elevation of the first experimental result is roughly con-
sistent with the target wave. After three successive phase itera-
tions, the fourth measured wave agrees much better with the
target wave sequence, except for a deficiency of the maximum
wave height (Fig. 6(b)).

To cover this deficiency, both phase and amplitude optimiza-
tions were performed based on the fourth wavemaker signal. The
resultant wave elevation of the fifth measurement is presented in
Fig. 6(c), which shows that the maximum wave height becomes
close to the target value. However, the measured wave does not
match the target wave as good as it does in the fourth measure-
ment. Thereafter, three successive phase–iteration experiments
were conducted to improve the consistency. Though some
Fig. 5. The optimization process of Case C: (a) the initial measurement and (b) the
measurement after four phase iterations.



Fig. 6. The optimization process of Case D: (a) the initial measurement, (b) the
measurement after three phase iterations, (c) the measurement after three phase
iterations and one phase–amplitude iteration, and (d) the measurement after six
phase iterations and one phase–amplitude iteration.
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improvement is observed in the eighth measurement compared
with the fifth measurement and the maximum wave height also
reaches the target value, the consistency between the eighth
measured wave and the target wave is not as good as that in the
fourth measurement. It should be noted that during the first four
measurements, no obvious wave breaking existed before the target
location while some wave breaking occurred before the waves
reached the target location in the later measurements. This
breaking may cause the subsequent three successive phase opti-
mizations to be not very effective.

To further demonstrate the optimization process, the ampli-
tude and phase spectra of measured waves of Case A and Case D
are given in Figs. 7 and 8, respectively. It is shown that a large
proportion of wave energy is distributed in the range of 2.0 rad/s
to 6.0 rad/s. In this dominant frequency range, the measured
amplitude values are close to the target values while varying
degrees of phase differences exist between the measured and
target waves. Specifically, the phase difference in the dominating
frequency range has almost been eliminated by one phase opti-
mization process. The situation becomes slightly more compli-
cated for Case D. Through three successive phase iterations, the
phase distribution of the fourth measurement shows considerably
improved consistency compared with that of the first measure-
ment. In the fifth measurement, the amplitude distribution is
closer to the target values after one amplitude iteration while the
phase distribution becomes worse. Though three successive phase
iterations were performed afterwards, the phase distribution
shows few signs of improvement. The reason is that the wave
breaking violates the near-linear dependencies between the wave
elevations and the wavemaker signal. Therefore, the phase–
amplitude iteration method may cease to be effective with obvious
wave breaking.

To quantitatively assess the effects of wave steepness on the
phase–amplitude iteration applications, a simple formula was used to
calculate the mean differences (Δη) between the measured and target
wave sequences and a correction index (Ic) was introduced to assess
the effectiveness of the optimization method. As shown in Eqs. (11)
and (12), the mean difference is defined as the mean value of absolute
differences between the measured and target wave elevations and the
correction index is the ratio between the eliminated mean difference
and the initial mean difference.

Δηmean ¼
1
N

XN
i ¼ 1

jηmeasured;i�ηtarget;ij ð11Þ

Ic ¼
Δηmean;initial �Δηmean

Δηmean;initial
ð12Þ

Table 1 provides the Δηmean values between measured and target
wave sequences. It is observed that from Case A to Case D, the initial
Δηmean (the first measurement) increases as the wave height increa-
ses. After phase optimizations, the Δηmean values have been dimin-
ished to a much lower level in most cases. Fig. 9 illustrates the cor-
rection index variations among optimization processes, in which the
larger Ic refers to a better optimization. It is shown that the first phase
iteration generally improves the quality of the measured waves while
the effects of later phase or amplitude iterations are not as significant
as that of the first phase iteration. It should be noted that the phase–
amplitude iteration method cannot guarantee the continuous increase
of Ic values and, in most situations, the Ic values remain at a relatively
steady level after several successive iterations. This value may even
decrease if obvious wave breaking exists. Similar conclusions can be
drawn from Fig. 9 that the phase–amplitude iteration method is more
promising for cases with lower wave steepness.
5. Wave speeds of freak waves

The wave propagation speed, dependent on the wave period T,
wave height H and water depth d, is one important issue of wave
kinematics. The ratio between the maximum horizontal particle
velocity of fluid and the wave propagation speed is closely related
to the wave breaking checking. To examine the freak wave speeds, a
common approach is to measure the time intervals for the giant
wave crest to pass two nearby wave gauges. In the present work,
the wave speed is determined using the definition of Δx/Δt, where
Δx is the distance between wave gauges at 6.0 m and 8.0 m, andΔt
is the time interval for the freak wave crest to pass the two wave
gauges. The experimental wave speeds are also compared with the
theoretical values given by third-order Stokes wave theory. The
third-order Stokes wave speed is composed of both linear and
nonlinear components (Fenton, 1985), which can be expressed as

C ¼ gT
2π

tanh kdþ ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ2cosh22kdÞ

16sinh4kd

s2
4

3
5
2

gT
2π

tanh kd ð13Þ

The wave number k and the wave steepness ε can be obtained
by solving the following equations:

ε¼ 1
2
kH

4π2

gT2 ¼ k tanh kd ð14Þ

It should be noted that the wave heights H (between the preceding
wave trough and the wave crest) and the trough-to-trough periods TTT



Fig. 7. Amplitude (a, c) and phase (b, d) spectra of measured waves (Case A): (a) (b) the initial measurement and (c) (d) the measurement after one phase iteration.
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of freak waves measured at x¼7.0 mwere adopted for calculating the
local wave number, k, and the local wave steepness, ε, in this study.

Table 2 lists the comparisons of experimental and theoretical wave
speeds of all the experimental cases. In the table, C1 denotes the linear
wave speed and C3 represents the third-order wave speed, including
both linear and nonlinear components. A.1 refers to the first mea-
surement of Case A, and the other item numbers are of similar
meanings. It is observed that the experimental values of wave speeds
generally increase with wave heights increasing from Case A to Case D.
For C/C1 and C/C3, it is shown that the theoretical method based on the
local trough-to-trough periods are reliable in terms of providing
approximate estimates of wave speeds. Specifically, both the first- and
third-order theoretical wave speeds probably overestimate the wave
speeds for wave sequences with small wave steepness values. How-
ever, with increasing wave steepness, the experimental wave speeds
become closer to the theoretical prediction values and even larger
than the first-order predictions. It is concluded that the first-order
predictions based on local trough-to-trough periods are slightly con-
servative in cases with low wave steepness and that the third-order
predictions are well suitable for freak waves close to breaking.
6. Energy characteristics of freak waves

A freak wave is a transient phenomenon of an extremely high
wave accompanied by enormous wave energy. Fig. 10 presents the
normalized wave spectra of measured waves, in which the values of
wave energy spectra have been normalized with the corresponding
maximum values at the peak frequency. The results show that the
normalized values are almost identical within the main frequency
range (2.0 rad/s to 6.0 rad/s). However, in the higher frequency range
(above 6.0 rad/s), the values of Case D.4 and Case C.5 are significantly
larger than those of Case A.2 and Case B.5. This result suggests that the
wave sequences with higher wave steepness contain more pro-
nounced higher-order components.

It is noted that the wave energy distribution in the time domain is
considered to vary in the formation of freak waves. Moreover, for a
wave approaching the breaking state, its frequency might change
rapidly in the time domain due to the nonlinear interaction between
elementary wave components, resulting in energy transfer and energy
dissipation (Massel, 2001). To provide the time localization of wave
energy components, wavelet transform has been successfully imple-
mented in ocean engineering and oceanography in recent years (see
e.g. Elsayed (2010), Ma et al. (2009), Veltcheva and Guedes Soares
(2015)). In this study, the wavelet transform, WT(a,τ), and the local
energy density, E2(τ), are adopted to investigate the wave energy
variations in time domain. A complex Morlet wavelet with central
frequency fc¼1.0 Hz was adopted as a mother wavelet function, and
the scale factors in the wavelet transform were transformed into the
corresponding circular frequency values according to the following
relation:

ω¼ 2π
f cf s
a

ð15Þ

where fs is the sampling frequency and a is the scale value.



Fig. 8. Amplitude (a, c, e, g) and phase (b, d, f, h) spectra of measured waves (Case D): (a) (b) the initial measurement, (c) (d) the measurement after three phase iterations,
(e) (f) the measurement after three phase iterations and one phase–amplitude iteration, and (g) (h) the measurement after six phase iterations and one phase–amplitude
iteration.
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Fig. 11 presents the wavelet transform of the target and mea-
sured waves. It appears that at the occurrence of freak waves, the
wave energy is highly centralized, with the energy magnitude
being larger and the frequency band being wider. However, as the
proportion of higher frequency components in the whole wave
energy is small, it is difficult to compare the higher frequency
components with each other in the wavelet spectra.
Table 1
Mean differences between measured and target wave sequences (unit: cm).

Case Number of measurement

1st 2nd 3rd 4th 5th 6th 7th 8th

Case A 0.39 0.10 – – – – – –

Case B 0.59 0.28 0.30 0.22 0.24 – – –

Case C 0.76 0.58 0.65 0.61 0.52 – – –

Case D 1.36 1.16 1.13 1.10 1.66 1.34 1.57 1.35

Fig. 9. Correction index variations in the optimization process.

Table 2
Wave propagation speeds of freak waves.

No. Δx/m Δt/s C/m s�1 TTT/s

A.1 2 0.98 2.04 1.45
A.2 2 1.04 1.93 1.41
Mean(A) – – – –

B.1 2 0.99 2.01 1.51
B.2 2 1.07 1.87 1.56
B.3 2 0.99 2.01 1.59
B.4 2 1.02 1.97 1.41
B.5 2 0.95 2.11 1.59
Mean(B) – – – –

C.1 2 1.12 1.79 1.04
C.2 2 0.93 2.14 1.61
C.3 2 0.99 2.02 1.55
C.4 2 0.90 2.23 1.53
C.5 2 0.92 2.16 1.49
Mean(C) – – – –

D.1 2 1.00 2.00 1.23
D.2 2 1.02 1.96 1.59
D.3 2 0.90 2.23 1.39
D.4 2 0.96 2.09 1.44
D.5 2 0.86 2.34 1.44
D.6 2 0.94 2.12 1.20
D.7 2 0.91 2.21 1.32
D.8 2 0.89 2.25 1.33
Mean(D) – – – –
The local energy density was then applied to locate the source
of the higher frequency components of D.4. By integrating the
time-scale energy density within a certain scale band (a1 to a2),
the local energy density at different scale bands (corresponding to
different frequency ranges) can be examined (Farge, 1992). Fig. 12
shows the local energy densities at the scale bands corresponding
to the nth (n¼1,2,…,6) harmonic components of the target wave
and measured D.4 wave sequences. The nth harmonic frequency
herein refers to n times the peak frequency of target waves, i.e.,
3.69 rad/s. For both target and measured waves, the first-harmonic
component covers a majority of wave energy and the first-
harmonic components of target and measured waves agree well
with each other, except for a slight difference in the occurrence of
a freak wave. As shown in Fig. 10, the global second-harmonic
component of measured wave D.4 is larger than that of the target
wave. It is interesting that at the occurrence of a freak wave, the
second-harmonic component of the measured wave is lower than
that of the target wave. Therefore, the exceeding second-harmonic
component results from somewhere other than the freak wave. In
reference to the amplitude and phase information in Fig. 8, the
H/m C1/m s�1 C3/m s�1 C/C1 C/C3

0.09 2.15 2.16 0.95 0.95
0.11 2.11 2.12 0.91 0.91
– – – 0.93 0.93
0.15 2.20 2.23 0.91 0.90
0.16 2.25 2.28 0.83 0.82
0.16 2.27 2.30 0.88 0.87
0.17 2.11 2.14 0.93 0.92
0.17 2.27 2.30 0.93 0.92
– – – 0.90 0.89
0.17 1.62 1.70 1.10 1.05
0.23 2.29 2.34 0.93 0.91
0.23 2.24 2.30 0.90 0.88
0.22 2.22 2.28 1.00 0.98
0.22 2.19 2.24 0.99 0.97
– – – 0.99 0.96
0.23 1.89 1.98 1.06 1.01
0.26 2.27 2.35 0.86 0.84
0.25 2.08 2.17 1.07 1.03
0.25 2.14 2.21 0.98 0.95
0.30 2.14 2.25 1.09 1.04
0.26 1.85 1.98 1.15 1.07
0.28 2.00 2.12 1.10 1.04
0.28 2.02 2.13 1.12 1.06
– – – 1.05 1.00

Fig. 10. Normalized wave spectra of measured wave sequences.



Y. Deng et al. / Ocean Engineering 118 (2016) 83–9290
second-harmonic gap at the freak wave occurrence in Fig. 12
indicates that the phase iteration did not work perfectly to make
the second-harmonic wave components focus at that moment.
Surprisingly, the third-harmonic components of the target and
measured waves are very close. However, the fourth-, fifth- and
Fig. 11. Wavelet transform: (a) Target wave; (b) Case A.2; (c) Case B.5; (d) Case C.5;
(e) Case D.4.

Fig. 12. Comparison of local energy density for the first six harmonics of the target wav
this figure legend, the reader is referred to the web version of this article.)
sixth-harmonic components of the measured wave are sig-
nificantly larger than the corresponding components of the target
wave, particularly at the occurrence of the freak wave. These
Fig. 13. Wavelet-based auto-bicoherence of (a) the target wave and (b) Case D.4.

e (blue line) and Case D.4 (red line). (For interpretation of the references to color in
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differences among different harmonic wave components may
directly cause the differences between the measured wave and
target wave for Case D.

To account for the relatively large values of the fourth-, fifth- and
sixth-harmonic components in the measured waves, wavelet-based
bi-coherence (Van Milligen et al., 1995) was adopted to detect
quadratic phase coupling associated with nonlinear wave–wave
interactions in a short time span. The auto-bicoherence spectra of
the target wave and measured wave are presented in Fig. 13. It is
noted that b2x represents the relative degree of quadratic phase
coupling between waves, with b2x¼0 for random phase relation-
ships and b2x ¼1 for maximum coupling (Ma et al., 2009). In contrast
with the target wave, the degree of nonlinear interaction between
first-harmonic and higher-harmonic components is even stronger
than that between first-harmonic components. For example,
b2x (3.69,3.69)¼0.425, b2x (3.69,7.38)¼0.560, b2x (3.69,11.07)¼0.610,
b2x (3.69,14.76)¼0.560, and b2x (3.69,18.45)¼0.650, which indicates
that the quadratic phase coupling between the first-harmonic and
higher-harmonic components contribute significantly to the fourth-
, fifth- and sixth-harmonic components of the measured wave at
the occurrence of a freak wave. The wavelet-based auto-bico-
herence information provides an intuitive and reliable explanation
regarding the source of the higher-harmonic components of the
measured wave. The strong nonlinear interactions between the first
and higher harmonic wave components for steeper wave cases may
weaken the efficiency and effectiveness of the iteration schemes.
7. Conclusions

For the sake of investigating the kinematics of freak waves, we
have successfully generated deterministic freak wave sequences in
a physical wave flume. A phase–amplitude iteration scheme was
applied to the optimization of deterministic wave sequences with
different wave steepness values. The wave energy characteristics
and wave speeds of freak waves have also been studied, and the
main conclusions are as follows.

(1) The deterministic freak waves could be well generated with
the phase–amplitude iteration method for cases with smaller
wave steepness values. Wave breaking and strong nonlinear
wave–wave interactions for steeper waves may weaken the
efficiency and effectiveness of the iteration scheme. Phase
iteration improves the modeling significantly in the first
optimization and becomes less effective for subsequent
optimizations.

(2) The prediction method based on third-order Stokes wave
theory is reliable for providing reasonable estimates of wave
speeds by adopting the local trough-to-trough periods and
freak wave heights.

(3) At the occurrence of a freak wave, the wave energy is highly
localized with larger magnitudes and a wider frequency band.

(4) The large fourth-, fifth- and sixth-harmonic components of
the measured wave result from the quadratic phase coupling
between the first-harmonic component and higher-harmonic
components.
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